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adapted and extended from Trifj fnd is regularly presented in first semester
calculus at my campus, where it is unanimously enjoyed and wins some converts
to the methods of calculus.

Problem.An aircraft landing approach pattern is shaped generally as in Figure 1 below.
The following conditions are imposed:

a) The cruising altitude s when descent begins at a horizontal distdnfrem
the airstrip.

b) A constant horizontal airspeedmust be maintained throughout descent
(somewhat unrealistic).

c) At no time must the vertical component of acceleration exceed (in absolute
value) some fixed constakitO < k < g, whereg is the acceleration constant for
gravity; i.e.,g = 32 ft/sec’> (English units).

Model the plane’s approach path by means of a cubic polynomial, using a coordinate
system with origin at the beginning of the runway, so that descent starts at the point
(x,y) = (=L, h), in units of your choice. Impose suitable conditions at the beginning of
descent and at touchdown. Discuss the implications of condition c) above, in the cases:
1) transcontinental flight; and, 2) peculiar airport situations (such as at South Lake
Tahoe, CA).
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Solution.
We let the landing pgh have the brm:

y(x) = ax® + bx? + cx + d.
The following reasonble conditions a& imposed:
y(0) = 0 (touchdown) ]
> implyc=d=0;

dy

dx = 0 (no crash)

x=0

y(—L) = h (descent)

dy
dx

> imply a = 2h/L3
«— =0 (nodive) b = 3h/L2

S

Thus these conditionsg:
y(x) = h{2(x/L)* + 3(x/L)?},
where x/L is a dimensionless catinae.

By using the bain wle (with the simpliication of constant hazontal aispeed
componentlx/dt = U), we obtain:

v = ¥ = EM /2 + (L))

and
d? 6U 2h
- d—tg’ = 2 12/L) + 13,
Now,
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which occur &(0, 0) and(—L, h), respectiely. (Hence the aort approac resemles a
ride in an eleator, where we “feel” the motion ony} a the top and bottom of descent.)
Since ve want|a | .., < k< g, we hae:
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Implications.1) LosAngeles to N& York (LAX to JFK) transcontinentallight aboad a
jumbo (“heay”) jet.
6U?h
k

If U andh are lage, while k is small,L (the distance &m the aiport where descent
begins) must be elaively big. On sut a fight, with an aispeed olJ = 600 mph and a
cruising altitude oh = 37,000 ft, the author disogered from his avn expelience tha
descent bgan d his home near Santon,PA, about 130 miles sm New York! This will
male the \alue ofk, which is gven by:

6U 2h
L2(3600)2
come out tck = 0.36 ft/sec?. [The \alue(3600)? converts k from ft/hr? to ft/sec?, since

a mix of units sule as mph and ft is actuglin use ly aidines (as opposed to
mahemadicians?)!]
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k:

2) San [Fancisco to South La&kTahoe Here we sole for U and obtain:

K

6h’

If L andk are small lnt h is elatively large, and if we dont want our cdfee or thelfght
attendant to g floating aout the chin, then the aspeed rast be lept low.

U<

A few yeas ao the author had occasion to visit hiotaistes-in-lav (who ae both in
applied mahemadics, dealing ackjack in the casinos)td_ake Tahoe As our“gamber’s
special’ aircraft crossed the last peak of the $&eNevada mountainsh(= 11,000 ft),
there was the aport, seemingy directly belov us € = 20 mi), and we almost dee into
a landing (seeigure 2)!
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Our plane wvas,in fact,a two engne piop plane with an aspeed of boutU = 175 mph.
With the dove walues br U, L, andh, k = 0.39 ft/sec?, not nuch different fom the
value ofk for the tanscontinentallight discussed l@ove!

Parentheticaly, because of nois@stictions aicraft ae not alleved to land fom over
the lale to the nah of the aiport, and consequenyi jets cannot landtahe aiport at
Lake Tahoe

(Actually, | fudged a bit on thealues ér L andh in the example &ove, for the descent
was som&ha more harowing than | made it out to b&o theein lies a eseach
project for the calculuslass:to write lettes and contactifht engnees & TWA and
GoldenWestAirways for moe accuate values ofL, h, andU for the fights discussel

In practice aircraft decease their agpeed Wwen landing and often eagg in a bankd
loop aound the ajort in order to slev down further bebre toutdowvn. Nevertheless,
the dove simplistic modeldr the gpproad patem qualitdively agrees with actual
flying expeience
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