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Introduction

boy is walking away from a lamppost. How fast is his shadow moving? A ladder
IS resting against a wall. If the base is moved out from the wall, how fast is the
top of the ladder moving down the wall?

Such “related rates problems” are old chestnuts of introductory calculus, used both to
show the derivative as a rate of change and to illustrate implicit differentiation. Now that
some “reform” texts4, 14] have broken the tradition of devoting a section to related
rates, it is of interest to note that these problems originated in calculus reform
movements of the 19th century.

Ritchie, related rates, and calculus reform

Related rates problems as we know them date back at least to 1836, when the Rev.
William Ritchie (1790-1837), professor of Natural Philosophy at London University
1832-1837, and the predecessor of J. J. Sylvester in that position, puBlistcoles
of the Differential and Integral Calculusiis text R1, p. 47] included such problems as:
If a halfpenny be placed on a hot shovel, so as to expand uniformly, at what rate
is itssurfaceincreasing when the diameter is passing the limit of 1 inch and 1/10,

the diameter being supposed to incraas®rmlyat the rate of .01 of an inch per
second?

This related rates problem was no mere practical application; it was central to Ritchie’s
reform-minded pedagogical approach to calculus. He sought to simplify the presentation
of calculus so that the subject would be more accessible to the ordinary, non-university
student whose background might include only “the elements of Geometry and the
principles of Algebra as far as the end of quadratic equati@dsp| v]. Ritchie hoped

to rectify what he saw as a deplorable state of affairs:

The Fluxionary or Differential and Integral Calculus has within these few years
become almost entirely a science of symbols and mere algebraic formulae, with
scarcely any illustration or practical application. Clothed as it is in a
transcendental dress, the ordinary student is afraid to approach it; and even many
of those whose resources allow them to repair to the Universities do not appear to
derive all the advantages which might be expected from the study of this
interesting branch of mathematical science.

Ritchie’s own background was not that of the typical mathematics professor. He had
trained for the ministry, but after leaving the church, he attended scientific lectures in
Paris, and “soon acquired great skill in devising and performing experiments in natural
philosophy. He became known to Sir John Herschel, and through him [Ritchie]
communicated [papers] to the Royal SocieB4,[p. 1212]. This led to his appointment
as the professor of natural philosophy at London University in 1832.



To male calculus accesdé Ritchie planned todllow the“same pocess of thoughtyb
which we arive & actual disceery, namey, by proceeding ste by stg from the
simplest paticular examples till the pnciple unblds itself in all its gneality.”

[21, p. vii; italics in orginal]

Drawing upon Nevton, Ritchie tales the bang in a mgnitude @er time as the
fundamental xplandory concet from which he ceaes concete familiar exkamples
illustrating the ideas of calculus. Heddes with an intuitve introduction to limits
through familiar ideas sut as these; (i) the de is the limit of insdbed egular
polygons with inceasing mmbes of sides; (ii)1/9 is the limit of

1/10 + 1/100 + 1/1000 + - - -; (iii) 1/2x s the limit ofh/(2xh + h?) ash approaces
0. Then—cucial to his pedgogy—he uses anxpanding squar to intoduce both the
idea of a function and thadt tha a uniform increase in the ingeendent arable may
cause the geendent griable to incease tan inceasing ate. UsingFIGURE 1 to
illustrate his gproad, he wites:
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Ficure 1

An expanding squar

Let AB be the side of a squaiand let it incease undrmly by the incements 12, 3, so
as to becom@B + 1, AB + 2, AB + 3, etc, and let squaas be desdred on the ng
sides,as in the anned fgure; then it is obious thd the squag on the sidé&\l exceeds
tha on AB by the two shadedectangles and the smalhite squae in the comner The
squae desabed onA2 has eceved an incease of tw equal ectangles witlihreeequal
white squaes in the carer The squag onA3 has eceved an incease of tw equal
rectangles antive equal small squas. Hencewhen the side ineases undrmly the
area ges on han inceasing ate [21, p. 11].

Ritchie contirues:

The object of the diérential calculusis to detemine theratio between the ate
of variation of the indpendent griable and tha of the function into \wich it
entes 21, p. 11].

A problem follows:

If the side of a squarincease unibrmly, at what rate does the aa incease wen
the side become® 21, p. 11]

His solution is to lek becomex + h, where h is the ete & which x is increasing Then
the aea becomeg? + 2xh + h?, where 2xh + h? is the ate & which the aea would
increase if tharate were uniform. Then he obtains this gpottion [21, p. 12]:



rate of increase of the side _ h
rate of increase of area 2xh + h?’

Letting h tend to 2o yields1/2x for the etio.

He then tuns to this poblem:

If the side of a squarincease unibrmly at the iete of thee ket per secondit
what rate is the aga inceasing vinen the side becomes et? P1, p. 12]

Using the pevious esult,he obseres thasince 1 is to 2as 3 is to 8, the anwgver is

6 x 10. Then he gpresses theasult in Nevton’s notdion: If X denotes theate & which
a \anable x varies d an instant of time and if = x?, thenxis touas 1 is to & or

U= 2xx.

In his frst fifty pages,Ritchie develops ules br differentidion and intgration.
To illustrate the poduct wle, he wites:

If one side of aectangle ary a the |te of 1 ind per secondand the othertahe
rate of 2 indes,at wha rate is the aga inceasing wen the if st side becomes 8
inches and the last 1227, p.28]

His problem sets askar deivatives,differentials,integrals,and the ae of dang of
one \ariable gven the ate of hhang of anotherSome elaed ates poblems ae
abstract,but on p@es 45—-47 Ritaie sets the sgg for the futue development of elaed
rates with nine psblems,most of vhich concen rates of diang of aeas and @umes.
One vas the halfpennproblem; hee ae thiee moe [21, p. 47-48]:

25. If the side of an equitaral triangle incease unidrmly &t the ite of 3 ket per
secondat wha rate is the aga inceasing vinen the side becomes 1éet? . . .

30. A boy with a mahemdical tum of mind obsering an idle by blowing small
balloons with sopsuds,aslked him the déllowing petinent question:—If the
diameter of these balloons iease unibrmly & the mte of 1/10 of an ind per
secondat what rate is the intamal cgacity inceasing athe moment the diameter
becomes 1 ire? . . .

34. A boy standing on the top of awer, whose height is 60ekt, obseved
another by running tavards the bot of the taver & the te of 6 miles an hour
on the hoizontal planeat wha rate is he pproadiing the irst when he is 100efet
from the ot of the taver?

Since the ne section of the book deals with $ugpplicaions of the calculus agletive
extrema,tangents,nomals and subnarals,arc length and suaice aea,Ritchie deaiy
intended elaed rates poblems to be fundamentadxplandaory examples.

Augustus De Maan (1806-1871) as brefly a pofessional collegue of Rithie’s &
London Unversity. De Mogan held the Chair of Meemdics & London Unversity
from 1828 to dly of 1831, reassuming the position in October of 1836. IiRécras
appointed in druary of 1832 and died in $eember of 1837. I Budget of Riradaxes
pulished in 1872De Moman wiote [9, p. 296]:

Dr. Ritchie was a ery clearheaded man. He plished in 1818,a work on
anithmetic, with rational eplandions. This was too edy for sud an
improvementand nedsy the whole of his &cellent work was sold as aste pgaer.
His elementar introduction to the Dferential Calculus ws dawn up while he
was leaning the subject ta in life. Books of this sdrare often \ery effective on
points of dificulty.



De Momgan,too, was concered with méhemadics educdon. In On the Stugl and
Difficulties of Mahemadics [6], pulished in 1831De Moman used conete kamples
to darify mathemdical rules used ypteadiers and students. In his shamtroduction to
calculus Elementay lllustrations of the Diierential and Intgral Calculus[7, p. 1-2],
published in 1832he tied to male calculus mar accessile by introducing ewer nev
ideas simltaneous). De Moigan’s book,however, does not epresent the thaughging
reform tha Ritchie’s does. De M@an toutes on luxions, but omits elaed ates
problems. In 1836shotly before Ritchie’s dedh, De Moigan bean the seal
pulication of The Differential and Intgral Calculus a major vork of over 700 pges
whose last lsgpter was pullished in 1842He piomised to ma&“the theoy of limits . . .
the sole dunddion of the scienceawithout ary aid from the theogy of seres” and stéed
tha he was not avare “that ary work exists in which this has beernvawedly atempted
[8, p. 1] De Mogan was moe concened with the Igical founddions of calculus than
with pedaogy; no relaed ates ppblems gpear in the td.

Connell,relaed @tes,and calculusaform

Another eform text gppeaed shotly after Ritdie’s. Ames Connell.LD (1804-1846),
master of the ntaemdics dgpatment in the High Swol of Glasgw from 1834 to
1846,pulished a calculus #book in 1844 ppmising“numeious amples and
familiar illustrations designeddr the use of $wols and pwate students.[5, title page]
Like Ritchie, Connell complained thahe diferential calculus &s erneloped in
needless iystely for all kut a selectdw; he too, proposed toeform the teaking of
calculus ly retuming to its Nevtonian oots b, p. iv]. Connell wote tha he

. . . has d&llen ba& upon the dginal view taken of this subjectybits gea
founderand from the single deifition of a iate, has been emted to cary it out
without the slightest assistancerir Limiting ratio, Infinitesimals,or ary other
mode which, however good in itself would, if introduced hes, only tend to
mislead and heilder the studerit.[5, p. V]

To introduce an instantaneowad, Connell asks thesader to consider twobsevers
computing the speed of an accelerg locomotve as it passes avgn point. One notes
its position tvo minutes after it passes the poitiite other after one mine; the get
different ansvers for the speednstead of considaerg obsevations on shder and
shoter time intevals, Connell ima@ines the enigeer cutting dfthe paver & the gven
point. The locomotie then contines (as customyrneglecting fiction) & a constant
speedwhich both obsarers could computeThis gves the locomote’s rate, or
differential, at tha point. Connell ges on to deelop the calculus in ters of ktes. for
example to prove the poduct ule for differentials,he consides the ectangular aa
genesrted as a péicle moves so thaits piojections along th& andy-axes mee & the
ratesdx anddy respectrely. As with Ritdie, the poduct ule is taught in tens of an
expanding ectangle andates of tiange.

Connell illustetes a mmber of the simpler conpts of the diferential calculus using
related ates poblems. Some of his pblems ae similar to Ritbie’s, but most ae novel
and orginal and mawy remain in our tetbook (punctution in oiginal):

5. A stone dopped into still veter pioduces a sexs of contimally enlaging
concentic circles; it is equired to fnd the ete per secondtavhich the aea of
one of them is enlging, when its diameter is 12 ihes,supposing the ave to
be then eceding fom the cent & the i|te of 3 inties per second[p. 14]



6. One end of a ball of thad is fastened to the top of a pplgb feet high; a
person,carying the ball,stats from the bottomat the ite of 4 miles per hour
allowing the thead to unwind as he @ahces; awha rate is it unwindingwhen
the peson is passing a poird0 feet distant fom the bottom of the pole; the
height of the ball being %&t? . . .

12.A ladder 20 eet long edines aainst a vall, the bottom of the latker being 8
feet distant 'om the bottom of the all; when in this positiona man bgins to
pull the lover extremity along the und at the iete of 2 ket per secondf avhat

rate does the othextremity begin to descend along thade of the wll? . . .

13.A man whose height is 6elet,walks from under a lamp posdf the iete of 3
miles per hourat what rate is the gtremity of his shadw travelling, supposing
the height of the light to be 1@dt dove the gound? b, p. 20-24]

Connell died sudenly on March 26,1847,leaving a wife and six hildren.The obituay
in theGlasgow Couiier obseved thd “he had theare meit of comnunicaing to his
pupils a pation of tha enthusiasm wich distinguished himselfThe science ofumbes
... in Dr Connells hands . . . became atractive and poper stug, and . . . his gga
success as a tdaar of dildren depended on hisrgd attainments as a student of pur
and mied mahemaics” [26]. It would be inteesting to lear of ary contact betwen
Ritchie and Connellbut so ir we hare found none

The |tes eform movement inAmernca

Relaed retes poblems frst gopeaed inAmerica in an 1851 calculusxeby Elias
Loomis (1811-1889}professor of mnemdics & Yale Unversity. Loomis was also
concened to simplify calculusyriting tha he hoped to @sent the ntanal “in a more
elementay manner than | hee bebre seen it prsentedexcept in a small wlume ly the
late Pofessor Rithie” [17, p. iv]. Indeed the initial potion of Loomiss text is
essentiall the same as Ritee’s. Loomis pesents tenelaed rates ppoblems,nine of
which ae Ritchie’s; the one ng problem asks dr the ate of dhang of the wlume of
a cone wWose base ineases steagilwhile its height is held constari?, p. 113].
Loomis’s text remained in pnt from 1851 to 1872; avision remained in gnt

until 1902.

The net text to base the psentéion of calculus onglaed tes was witten by

J. Minot Rice (1833-1901professor of minemdics & the Naal Acadeny, and

W. Woolsgy Johnson (1841-1923professor of mdnemadics & St. bhn's Collgge in
Anngpolis. Where Loomis quiet} approved the simplitations intoduced l Ritchie,
Rice and dhnson vere much moe enthusiasticaformers, drawing more from Connell
than fom Ritdie:

Our plan is toetum to the method ofldixions,and making use of the grise and
easiy compehended déiitions of Nevton, to deduce theodimulas of the
Differential Calculus ¥ a method Wich is not open to the objectiondish were
largely instumental in causing this wieof the subject to bebandonedl9, p. 9].

In their 1877 tet they delive basic diferentigion tediniques usingates. Lettingdt

be a inite quantity of timedx/dt is the ate ofx and“dx anddy are so dahed tha their
ratio is equal to theatio of the elaive rates ofx andy” [20, p. iv]. This gproac has
several adrantayes. Hrst, it allows the autha to delg the deinition of dy/dx as the
limit of Ay/Ax until Chapter Xl, by which time the dehition is moe meaningful.
Second“the eaty introduction of elementgrexamples of a kinentecal chamacter . . .



which this mode of msenting the subject peits, will be found to sere an impatant
purpose in illustating the n&ure and use of the symbols emy#d” [20, p. v].

These kinemigcal examples ag relaed ietes ppoblems. Rice andahnson use 26Gfaed
rates poblems,scdtered thoughout the opening 57 ges of the tet, to illustrate and
explain differentigion. Rice and dhnson cedit Connell in their pface and some of
their poblems esemie Connells. Seeral other poblems ae similar to those of
Loomis. Havever, Rice and dhnson also atito the collection of mblems:

A man standing on the ed@f a vharf is hauling in aape dtaded to a boaat
the ate of 4 ft. per secondrlhe mans hands being 9 ft.bave the point of
attacdhment of the @pe how fast is the bdagpproading the vharf when she ista
a distance of 12 ft. &ém it? 20, p. 28]

Wine is poued into a conical glass 3 imes in heighttea uniorm rate, filling the
glass in 8 secondét wha rate is the sudce ising & the end of 1 second«
wha rate when the sudgce eadies the im? [20, p. 37-38]

After Rice died in 1901Johnson contined to pubsh the tet until 1909. He was“an
important member of thAmerican mahemdical scene . . . [wo] sewed as one of owl
five elected memberof the Council of thAmerican Mahemdical Society br the
1892-1893 tan” [22, p. 92—-93].The work of Rice and dhnson is likely to have
inspired the seeral late 19th centwr calculus t&ts which were based onates,focusing
less on calculus as an aysib of tangnt lines and &as and mar on“how one quantity
changes in esponse tolanges in another[22, p. 92]

James Morbrd Taylor (1843—-1930) aColgate, Caheiinus Putnam Budngham
(1808-1888) aKenyon, and Edvard West Nidols (1858-1927)taheVirginia Military
Institute all wote texts thda remained in gnt from 1884 to 19021875 to 1889and
1900 to 1918respectrely. Bukingham,a gadude of West Rint and pesident of
Chicago Steel vinen his t&t was pulished was,perhgs,the most ealous of these
reformist “rates” authos, believing tha limits were pooblemaic and could beaided
by taking ete itself as the pmitive concet, much as he belieed Neavton did R, p. 39].

Newton and pecussors of the ates maement

Buckingham vas corect tha Newton concered of ma@nitudes as beingegested by
motion, thereby linking calculus to kinente&cs. Nevton wiote:

| consider mthemdical quantities in this place not as consisting efyvsmall

pats; ut as desdbbed lby a contilmed motion. Lines & desdbed, and theeby

generted not ly the goposition of pais, but by the contimed motion of points;
supericies ky the motion of lines . .. These gnesesaally take place in the
naure of things,and ae daily seen in the motion of bodies ... Therefore

consideing tha quantities viich increase in equal times . . . beconmedagr or

less accdatding to the geder or less glocity with which they increase and ar
generted; | sought a method of dat@ning quantities fom the elocities of the
motions . . . and calling theselwcities . . fluxions [3, p. 413]

Since the 19th centyreformers diew on Nevton in revising the pedgogy of calculus,
one wondes whether ates poblems were pat of an edrer tradition in EnglandThe
first calculus book to be plished in EnglishA Treaise of Fluxions or an Intrduction
to Mathemadical Philosoply [13] by Chates Hajes (1678-1760pulished in 1704,
treds fluxions as ineements or deements. Motion islasent and therae no elaed



rates ppblems. But,in 1706,in the second book piished in EnglishAn Institution of
Fluxions[10] By Humphey Ditton (1675-1715)there ae seeral problems which
could be seen asquuisors of elaed i|tes questiondVhile Ditton is inteested in
illustrating ideas of calculus usingtes,he stiks to ggometical goplicaions, not
medanical ones. He \ies:

A vast umber of other Riblems elding to the Motion of Lines anddits which
are directly and most narally solved by Fluxions might hee been pypost to
the ReaderBut this Feld is so lage, that "twill be besides m pumpose to do an
more upon this Head than gnjust gve some little Hints.J0, p. 172]

He gves one wrked example In FIGURE 2, b andc represent the ne positions of
pointsB andC respecitiely:

If the Line AB, in ary moment ofTime be supposed to beviled into etream
and mean Rrpotion, as . gr in the pointC; then the Bint A contirues ixt, and
the PintsB andC moving in the diectionAB, 'tis requird to find the Popottion
of theVelocities of the point® andC; so tha the fowing line Ab, may still be
divided in extream and mean &pottion, e.g. in the Bintc.” [10, p. 171-172]

FIGURE 2

Points maving on a line

In his solution he letéB = y, AC = x, andBC =y — xand obtainsy X v y ; X

giving 3yx = y? + x2. He differentiaes,obtaining3yx + 3xy = 2yy + 2xx which gves
X _ 2y —3X
y 3y -
SegmentAC, must be the @locity of the Incement of the Wwole lineAB as
2AB — 3AC
3AB — 2AC
lengths in tems of rtios of lengths within the conteof some gometic invariance
He was not seeking to use an etijoia involving rates of diang as a centprece of
pedaogy, but rather as a saightforward goplicaion of the calculus. His @rk did not
lead to the deelopment of sut problems. Of the thieen 18th centyrEnglish authas
suiveyed, only William Emerson (1701-1782)riting in 1743,included a elaed ates
problem, but not in a signitant way [11, p. 108].

. Ditton summaizes ly saing, “the velocity of the Incement of the less

" [10, p. 172]. His concer was to &press &tios of rates of tlange of

In the eally 19th centwy we find scdtered relaed i|tes ppblems.There is a sliding
ladder poblem in a Camhdge collection:*T he typoteruse of aight-angled tiangle
being constanfind the coresponding &iations of the sides[25, p. 678] &hn Hinds
text included one prblem: “Corresponding to thexé¢remities of thdatus rectumof a
common paabola, it is required to fnd the etio of the etes of incease of thelascissa
and odinae” [14, p. 148]. Neither of these @iolems plas the impotant pedgogical
role tha we find in the vorks of Ritdie or Connell.



The twilight of elaed rtes

Why did so &w books illustete calculus congss using elated rates poblems? One
reason is thafrom the bginning of the 18th centyrto the midlle of the 19th centyr
the founddions of calculus wre hotly debaed and Nevton's fluxions did not compete
very successfujl against infnitesimals limits, and infnite seres.Among those \wo
chose to base calculus daoXions, mary still felt uneasy laout induding kinemaéical
consideations in mahemdics. INnA Compaative View of the Pinciples of the Fluxional
and Diferential MethodsProf. D.M. Peaco& wrote tha one of the leading objections
to the fuxional gpproad was tha“it introduces Melsanical considetions ofMotion,
\elocity, andTime, foreign to the gnius of pue Analytics” [18, p. 6]. Sut concets
were considezd by some to béinconsistent with theigour of mahemadical reasoning
and wholly foreign to scienceé[23, p. 7]

In England moreover, resistance to Neton’s goproad to calculus as @ll as to the
Frent goproad as epressed in La@ix’s textbook [16] rested in paron the belief

tha the pupose of mthemdics was to tain the mind Tha meant doing calculus within
a Eudidean famevork with a dear focus on the mpeties of gometical figures

[1, p. v—XX].

By the end of the 19th cenfimost authas were developing calculus on the basis of
limits. In the works of Simon Nevcomb (1835-1909) and @rd Bovser (1845-1910),
for example relaed tes ppblems illustete the dewative as aate of dhangg, but the
problems ae not centl. In 1904 William Grarville (1863—1943) pulshed his
Elements of the O&rential and Intgral Calculus which remained in gnt until 1957.
This tet, which introduced congas intuitively before estalishing anaytical
argumentspecame the standahby which other tats were measwgd In the 1941
edition, Grarville laid out a methoddr solving elaed ietes poblems,but these
problems had n@ become an end in themse$vether than anxiting and
pedaogically important method ¥ which to intoduce calculus.

Condusion

An informal suwey of ours sugyests thafor mary teaters these mhlems hae lost
their signifcance One often hearteabers sy tha relaed rtes poblems ae contived
and too dificult for contempaairy students. It is thusanic tha sud problems entezd
calculus though eformers who beliezed much as moder reformers do,that in order
for calculus to be acceskbconcete apt illustrations of the devative ae necessgr
Twilight for our 19th centyrreformers would have sugested a lengthening
acceleating shadwy, not the end of an arThey might well have wiitten:

Relaed m@tes,a pump,not a flter; a sail,not an anbor.
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