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wo commonly taught algebraic sums are

_|_
1+2+3+4+ - - - +(n—1)+n=M

and

nin + 1)(2n + 1)
5 .

The first equation has a short algebraic proof, and the second has a more intricate one.
An alternative approach is to evaluate the sums geometrically. A method for each sum

is presented here. Evaluating the first sum involves positioning squares and then
determining area. Evaluating the second sum involves arranging cubes then determining
volume. Although this article can use only two-dimensional pictures to demonstrate the
second sum, manipulating (three-dimensional) physical cubes adds considerable clarity
to a presentation.

12+22+F+42+ - - - +(n—12+n=

To find the first sum, we position the squares with sides of length 1, as shaguréen

1, laying one square on the first row, two squares on the second row, three squares on
the third row, and so on up to thth row, on which we lay squares. Thus the area of
this shape equals the sum

1+2+3+4+ -+ - +(n—1) +n.
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Fig. 1.
A stairstep pdtem of single squas

This aea can also bet@ind if we dvide the shpe as shwn infigure 2.The aea of the
large triangle isn?/2, since the shze is made ofh rows with thenth row beingn units
acoss.The iemaining haled squags eah have aeal/2. Becausen rows ae

n

Fig. 2.

Find the aea of the egion using the drmula for
the aea of a tiangle:(n)(n)/2 + n/2.

involved, n of these tiangles esult,their aea beingn(1/2). Therefore the total aa,
n
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K=1
IS
n”.n
2 2

which equals

nin + 1)
—



In evaluding
n

3k

k=1
the aea of thekth row of the fgure isk. Thus if we represent

>

K=1
by a geometical figure, ead row in the fgure nmust iepresent the aluek?. So instead
of ead row being squaes aranged in a lingead row needs to be cubesranged on
a squae.

We crede this shpe pictured infigure 3,by staking layers of cubes Wwose edgs ae
of length 1. Place one cube in thwest layer, four cubes in the second/&, nine cubes
in the thid layer, and so ondown to thenth layer, in which we placen? cubes. By
counting the nmber of cubeghe wlume of this stacis the sum

12+ 24+ 3F+42+ - - - +(n—132+n%

To derve the equizon gven for this sumwe nmust ind the stak’s wlume ly another
method The method thiaworked in the i st exkample vas to sparate a lage tiangle
from the shpe, calculde its aea,and thenihd the aea of the other pieceseas
dividing the stak in an analgous manner will wrk in this xample Yet no shpe is
definitively analgous to the iangle Obseve, however, that a side viev of the stak
in figure 3looks &actly like figure 2.This vien suggests thathe shae we should

Fig. 3.
Layers of cubes

remove might be one bounded khe tiangle infigure 2,when we vienv the shae
from the side of the stlcln fact,the shae we will divide from the stak does hae
this popety. It is the olique squag pyramid shavn infigure 4.The ba& edg DE is
pempendicular to theyramid’s squae baseABCD, whose sides hva the same length,
b, asDE. Using the érmula for the wlume of a gramid, the wlume of the shae is
(area of base)(height} = b¥3.



Before removing the shpe from the stak, however, we nust see he to slice it fom a
simple solid cube This explandion will aid in calculéing the wlume of the pieces in

“Front” view

“Back” view

Fig. 4.
An oblique squae pyramid

the stak tha are not par of the yramid To diide the yramid from a cube of edgp,
and lder from our stak, we need to maktwo slices. Seéigure 5 Frst divide the cube
in half by cutting it fom edg AB to edge CD. Then,without otaing the cubgehalve
the cube gain, slicing from edg BE to edg FC. The emaining pat in front,
encompassing the space common to both shademhs is similar to theyramid in
figure 4 One can see théhis assdion is tiue by consideing the boundags of the
slicing and noticing thigplaneABCD intersects plan@ECFalong the lineBC. Since
the wlume of the pramid emoved isb?/3, the wlume of the est of the cube igb3/3.

{a) First slice {b) Second slice



(¢} Remaining pyramid

Fig. 5.
Slicing a yramid from a cube

At last, divide the stak (fromfig. 3), making two slices as done with the cul&ee
figure 6.The wlume of the lage pyramid under the slicess n¥3, since the stdcis n
layers high with am-by-n base But what about the est of the pieces? Notice thtae
only cubes in the stkaha were sliced vere the ones hose tops & exposed We can
see them all 'm the @erhead viw in figure 7. The cubes &écted ly only one of the
slices ae all dvided in half since eals was cut in the same manner as the cubewha
cut with the irst slice infigure 5a.Consideing those hoppedonly by the irst slice we
find one on the secondyar, two on the thid layer, three on thedurth layer, and in the
genenl casen — 1 cubes halgd on thenth layer. Because the bottom half of these
cubes a pat of the lage pyramid, only the top half of thememain unaccounted
Their wolume is

JA+2+3+---+n-1).

From the brmula for the frst sumthis amount i$1/2) ((n — 1)n/2). Since the same
number of half cubesemain after the second slj¢ke total wlume of the half cubes is
simply (n — 1)rn/2. The ony pieces n@ unaccounteddr ae the cubes thavere cut
twice. Because e#&ccube vas cut twice digonally from ed@ to edg in the same sy
as the cube ifigure 5,a pyramid similar to the one ifigure 5cwas sliced fom eadb.
Since theseyramids vere talen into account iven we found the wlume of the lage
pyramid, two-thirds of the wlume of ealh cube emainsThe stak hasn layers, son of
these twice-sliced cubessult (sedig. 7 again), and the wlume of those not in the big
pyramid is2rn/3. Therefore, the total wlume of the stdg and consequetl

n

S

K=1

equals
n (n = () 2n
3 - 2 " 3’

(big pyramid) +  (top of the haled cubes) + (remainder of the
twice-sliced cubes)
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Fig. 6.
Slicing the stak

With some algbra, this expression becomes

2"+ 3n—1)n+4n n2 +3(n—1) + 4)
6 6

n(2n? + 3n + 1)
6

nin+ 1)(2n + 1)

the ansver we expect.

Top cube

Cubes cut only by first slice

Cubes cut only by second slice

. Cubes cut by baoth slices

Fig. 7.
An overhead vies of the stak
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