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Exercise Set 4.6 
1.	 Fill in the blanks in the following proof by contradiction 

that there is no least positive real number. 

Proof: Suppose not. That is, suppose that there is a least 
positive real number x. [We must deduee~] Consider the 
number x/2. Since x is a positive real number, x/2 is also 

~. In addition, we can deduce that x /2 < x by multiply

ing both sides of the inequality 1 < 2 by ~ and dividing 

~. Hence x /2 is a positive real number that is less than 

the least positive real number. This is a ~ [Thus the sup
position is false. and so there is no least positive real number.] 

2. Is 0I an irrational number? Explain. 

3. Use proof by contradiction to show that for all integers n, 
3n + 2 is not divisible by 3. 

4.	 Use proof by contradiction to show that for all integers 
m, 7m + 4 is not divisible by 7. 

Carefully formulate the negations of each of the statements in 
5-7. Then prove each statement by contradiction. 

S..There is no greatest even integer. 

6.	 There is no greatest negative real number. 

7.	 There is no least positive rational number. 

8. Fill in the blanks for the following proof that the difference 
of any rational number and any irrational number is irra
tional. 
Proof: Suppose not. That is, suppose that there exist ~ 
x and ~ y such that x - y is rational. By definition of 

rational, there exist integers a, b, e, and d with b f=. 0 and 

d f=. 0 so that x =~ and x - y = (d) . By substitution, 

e 
Adding y and subtracting d on both sides gives 

y =	 (e) 

ad be 

bd bd 
ad -be 

= by algebra. 
bd 

Now both ad - be and bd are integers because products 

and differences of --.i!L are ~. And bd f=. 0 by the (h) . 
Hence y is a ratio of integers with a nonzero denominator, 

and thus y is ~ by definition of rational. We therefore 
have both that y is irrational and that y is rational, which is 
a contradiction. [Thus the supposition is false and Ihe state
ment to be proved is true.] 

9.	 a. When asked to prove that the difference of any irra
tional number and any rational number is irrational, a 
student began, "Suppose not. That is, suppose the differ
ence of any irrational number and any rational number 
is rational." What is wrong with beginning the proof in 
this way? (Hint: Review the answer to exercise I 1 in 
Section 3.2.) 

b.	 Prove that the difference of any irrational number and 
any rational number is irrational. 
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Prove each statement in 10-17 by contradiction. 

10.	 The square root of any irrational number is irrational. 

11.	 The product of any nonzero rational number and any irra
tional number is irrational. 

12.	 If a and b are rational numbers, b I- 0, and r is an irrational 
number, then a + br is irrational. 

2H 13. For any integer n, n - 2 is not divisible by 4. 

H 14.	 For all prime numbers a, b, and c, a2 + b2 I- c2 
. 

2HIS.	 If a, b, and c are integers and a2 + b2 = c , then at least 
one of a and b is even. 

H *16. For all odd integers a, b, and c, if z is a solution of 
ax2 + bx + c = °then z is irrational. (In the proof, use 
the properties of even and odd integers that are listed in 
Example 4.2.3.) 

17. For all integers a, if a mod 6 = 3, then a mod 3 I- 2. 

18,	 Fill in the blanks in the following proof by contraposition 
that for all integers n, if 5 1/12 then 5 1n. 

Proof (by contraposition): [The cOnlrapositive is: For'all 

inlegers n, if 51 n then 51 n2.J Suppose n is any integer 

such that ~. [We must show that J.!!.L.J By definition 

of divisibility, n = R for some integer k. By substitu

tion, n2 = ~ =5(5e). But 5k2 is an integer because it 
is a product of integers. Hence n2 = 5· (an integer), and so 

~ [as was to be shownJ. 

Prove the statements in 19 and 20 by contraposition. 

19.	 If a product of two positive real numbers is greater than 
100, then at least one of the numbers is greater than 10. 

20.	 If a sum of two real numbers is less than 50, then at least 
one of the numbers is less than 25. 

21. Consider the statement "For all integers n, if n2 is odd then 
n is odd." 
a.	 Write what you would suppose and what you would 

need to show to prove this statement by contradiction. 
b.	 Write what you would suppose and what you would 

need to show to prove this statement by contraposition. 

22. Consider the statement "For all real numbers r, if r 2 is irra
tional then r is irrational." 
a.	 Write what you would suppose and what you would 

need to show to prove this statement by contradiction. 
b.	 Write what you would suppose and what you would 

need to show to prove this statement by contraposition. 

Prove each of the statements in 23-29 in two ways: (a) by con
traposition and (b) by contradiction. 

23. The negative of any irrational number is irrational. 

24. The reciprocal	 of any irrational number is irrational. (The 
reciprocal of a nonzero real number x is 1/x.) 

H 25.	 For all integers n, if n2 is odd then n is odd. 

26. For all integers a, b, and c, if a 1be then alb. (Recall that 
the symbol 1means "does not divide.") 

H 27. For all integers m and n, if m + n is even then m and n are 
both even or m and n are both odd. 

28.	 For all integers m and n, if mn is even then m is even or n 
is even. 

29. For all integers a, b, and c, if a Ib and ale, then 
a 1 (b + c). (Hint: To prove p ---+ q V r, it suffices to prove 
either p 1\ ~q ---+ r or p 1\ ~r ---+ q. See exercise 14 in 
Section 2.2.) 

30. The following "proof" that every integer is rational is incor
rect. Find the mistake. 

"Proof (by contradiction): Suppose not. Suppose every 
integer is irrational. Then the integer I is irrational. But 
1 = 1/1, which is rational. This is a contradiction. [Hence 

the supposition is false and the theorem is true. J" 

31. a.	 Prove by contraposition: For all positive integers n, r, 
and s, if r s :::: n, then r :::: "fii. or s :::: "fii.. 

b.	 Prove: For all integers n > I, if n is not prime, then 
there exists a prime number p such that p :::: "fii. and 
n is divisible by p. (Hints: Use the result of part (a), 
Theorems 4.3.1,4.3.3, and 4.3.4, and the transitive prop
erty of order.) 

c.	 State the contrapositive of the result of part (b). 
The results of exercise 31 provide a way to test whether 
an integer is prime. 

Test for Primality 
Given an integer n > 1, to test whether n is prime check to 
see if it is divisible by a prime number less than or equal to 
its square root. If it is not divisible by any of these numbers, 
then it is prime. 

32. Use the test for primality to determine whether the follow
ing numbers are prime or not. 
a.	 667 b. 557 c. 527 d. 613 

33. The sieve	 of Eratosthenes, named after its inventor, the 
Greek scholar Eratosthenes (276-194 B.C.E.), provides a 
way to find all prime numbers less than or equal to some 
fixed number n. To construct it, write out all the integers 
from 2 to n. Cross out all multiples of 2 except 2 itself, 
then all multiples of 3 except 3 itself, then all multiples of 
5 except 5 itself, and so forth. Continue crossing out the 



multiples of each successive prime number up to .jfi. The 
numbers that are not crossed out are all the prime numbers 
from 2 to n. Here is a sieve of Eratosthenes that includes 
the numbers from 2 to 27. The multiples of 2 are crossed 
out with a I, the multiples of 3 with a \, and the multiples 
of5 with a-. 

2 3 ;( 5 is: 7 Z '9- *" 11 0. 13 14 
# l<i 17 ~ 19 ~ 2-{ ~ 23 ~ ~ U 'N. 
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Use the sieve of Eratosthenes to find all prime numbers less 
than 100. 

34.	 Use the test for primality and the result of exercise 33 to 
determine whether the following numbers are prime. 
a. 9,269 b. 9,103 c. 8,623 d. 7,917 

H *35. Use proof by contradiction to show that every integer 
greater than 1I is a sum of two composite numbers. 


