
Exercise Set 5.6 
Find the first four terms of each of the recursively defined 
sequences in 1-8. 

1.	 ak = 2ak- 1 + k, for all integers k ~ 2 
al = I 

2.	 bk = bk- I + 3k, for all integers k ~ 2
 

b l = I
 

3.	 Ck = k(Ck_I)Z, for all integers k ~ I
 

Co = 1
 

4.	 dk = k(dk_d z, for all integers k ~ 1
 

do = 3
 

5.	 Sk = Sk-l + 2sk- Z, for all integers k ~ 2
 
So = 1, s, = 1
 

6.	 tk = tk-I + 2tk-Z, for all integers k ~ 2
 
to=-I,tl=2
 

7.	 Uk = kUk_1 - Uk-Z, for all integers k ~ 3
 

UI = 1, Uz = 1
 

8.	 Vk = Vk-I + Vk-Z + 1, for all integers k ~ 3
 
VI =1, vz=3
 

9.	 Let ao, ai, az, ... be defined by the formula an = 3n + 1, 
for all integers n ~ O. Show that this sequence satisfies the 
recurrence relation ak = ak-I + 3, for all integers k ~ 1. 

10.	 Let bo, b l , bz, ... be defined by theformula bn = 4n 
, for all 

integers n ~ O. Show that this sequence satisfies the recur
rence relation bk = 4bk _ l , for all integers k ~ 1. 

11.	 Let Co, CI, Cz, ... be defined by the formula Cn = 2n
- 1 

for all integers n ~ O. Show that this sequence satisfies the 
recurrence relation 

Ck = 2Ck-J + I. 
(_I)n 

12.	 Let So, SI, Sz, ..• be defined by the formula Sn =-
n! 

for all integers n ~ O. Show that this sequence satisfies the 
recurrence relation 

-Sk_1 
Sk = -k-' 

13.	 Let to, t" tz, ... be defined by the formula tn =2 + n for 
all integers n ~ O. Show that this sequence satisfies the 
recurrence relation 

tk = 2tk_1 - tk-Z· 

14. Let do, d l , dz, ... be defined by the formula dn = 3n
- 2n 

for all integers n ~ O. Show that this sequence satisfies the 
recurrence relation 

HIS.	 For the sequence of Catalan numbers defined In 

Example 5.6.4, prove that for all integers n ~ I, 

c=_'_(2n+2) 
n	 4n+2 n+1 . 

16.	 Use the recurrence relation and values for the Tower 
of Hanoi sequence ml, mz, m3 • ... discussed in Exam
ple 5.6.5 to compute m7 and mg. 

17.	 Tower ofHanoi with Adjacency Requirement: Suppose that 
in addition to the requirement that they never move a larger 
disk on top of a smaller one, the priests who move the disks 
of the Tower of Hanoi are also allowed only to move disks 
one by one from one pole to an adjacent pole. Assume 
poles A and C are at the two ends of the row and pole B is 
in the middle. Let 

the minimum number of moves ] 
all = needed to transfer a tower of n . 

[ disks from pole A to pole C 

a.	 Find a .. az, and a3. b. Find a4. 
c.	 Find a recurrence relation for ai, az, a3, ... 

18.	 Tower ofHanoi with Adjacency Requirement: Suppose the 
same situation as in exercise 17. Let 

the minimum number of moves ] 
bn = needed to transfer a tower of n . 

[ disks from pole A to pole B 

a.	 Find b l , bz, and b3. b. Find b4 • 



c.	 Show that bk = ak-l + 1 + bk- I for all integers k 2: 
2, where ai, a2, a3, ... is the sequence defined in 
exercise 17. 

d. Show that bk ::: 3bk- 1 + 1 for all integers k 2: 2. 
H * e. Show that bk = 3bk_1 + I for all integers k 2: 2. 

19.	 Four-Pole Tower of Hanoi: Suppose that the Tower of 
Hanoi problem has four poles in a row instead of three. 
Disks can be transferred one by one from one pole to any 
other pole, but at no time maya larger disk be placed on 
top of a smaller disk. Let Sn be the minimum number of 
moves needed to transfer the entire tower of n disks from 
the left-most to the right-most pole. 
a.	 Find SJ, S2, and S3. b. Find S4. 
c.	 Show that Sk ::: 2Sk- 2 + 3 for all integers k 2: 3. 

20.	 Tower of Hanoi Poles in a Circle: Suppose that instead of 
being lined up in a row, the three poles for the original 
Tower of Hanoi are placed in a circle. The monks move 
the disks one by one from one pole to another, but they may 
only move disks one over in a clockwise direction and they 
may never move a larger disk on top of a smaller one. Let 
Cn be the minimum number of moves needed to transfer a 
pile of n disks from one pole to the next adjacent pole in 
the clockwise direction. 
a.	 Justify the inequality Ck ::: 4Ck_1 + I for all integers 

k 2: 2. 
b. The expression 4Ck-J + I is not the minimum number 

of moves needed to transfer a pile of k disks from one 
pole to another. Explain, for example, why 

C3 "::1= 4C2 + I. 
21.	 Double Tower of Hanoi: ln this variation of the Tower of 

Hanoi there are three poles in a row and 211. disks, two of 
each of 11. different sizes, where 11. is any positive integer. 
Initially one of the poles contains all the disks placed on 
top of each other in pairs of decreasing size. Disks are 
transferred one by one from one pole to another, but at 
no time may a larger disk be placed on top of a smaller 
disk. However, a disk may be placed on top of one of 
the same size. Let t" be the minimum number of moves 
needed to transfer a tower of 211. disks from one pole to 
another. 
a.	 Find 11 and 12. b. Find 13. 

c.	 Find a recurrence relation for 11, t2, 13, .... 

22.	 Fibonacci Variation: A single pair of rabbits (male and 
female) is born at the beginning of a year. Assume 
the following conditions (which are more realistic than 
Fibonacci's): 
(1)	 Rabbit pairs are not fertile during their first month of 

life but thereafter give birth to four new male/female 
pairs at the end of every month. 

(2) No rabbits die. 
a.	 Let r" = the number of pairs of rabbits alive at the end 

of month 11., for each integer 11. 2: I, and let ro = I. Find 
a recurrence relation for ro, rl, r2', .... 

b. Compute ro, rl, r2, r3, r4, r5, and r6. 
c.	 How many rabbits will there be at the end of the year? 
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23.	 Fibonacci Variation: A single pair of rabbits (male and 
female) is born at the beginning of a year. Assume the fol
lowing conditions: 
(1) Rabbit	 pairs are not fertile during their first two 

months of life, but thereafter give birth to three new 
male/female pairs at the end of every month. 

(2) No rabbits die. 
a.	 Let s" = the number of pairs of rabbits alive at the end 

of month 11., for each integer 11. 2: 1, and let So = I. Find 
a recurrence relation for so, SJ, S2 • .... 

b.	 Compute so, St, S2, S3, S4, and S5. 
c.	 How many rabbits will there be at the end of the year? 

In 24-34, Fo, FI , F2, ... is the Fibonacci sequence. 

24.	 Use the recurrence relation and values for Fo• F I , F2• ... 
given in Example 5.6.6 to compute FJ3 and F14 • 

25. The Fibonacci sequence satisfies the recurrence	 relation 
Fk = Fk- I + Fk- 2, for all integers k 2: 2. 

a.	 Explain why the following is true: 

FHJ = Fk + Fk - I for all integers k 2: I. 

b.	 Write an equation expressing Fk+2 in terms of FHI 

and Fk • 

c.	 Write an equation expressing Fk+3 in terms of FH2 and 
FHI 

26.	 Prove that Fk = 3Fk- 3 + 2Fk- 4 for all integers k 2: 4. 

27. Prove	 that F? - F?_l = FkFk_1 - Fk+JFk- J , for all 
integers k 2: I. 

28.	 Prove that Fk
2+! - F? - FLI = 2FkFk_1, for all integers 

k 2: I. 

29. Prove that F?+l - F? = Fk- I Fk+2, for all integers k 2: I. 

30.	 Use mathematical induction to prove that for all integers 
n 2: O. F"+2Fn - F;+l = (-I)".

*31. Use strong mathematical induction to prove that F" < 2" 
for all integers n 2: I. 

H *32. Let Fo, F], F2, ... be the Fibonacci sequence defined 
in Section 5.6. Prove that for all integers 11. 2: 0, 
gcd (F,,+I, F,,) = I. 

33.	 It turns out that the Fibonacci sequence satisfies the fol
lowing explicit formula: For all integers F" 2: 0, 

Verify that the sequence defined by this formula satisfies 
the recurrence relation Fk = Fk- I + Fk - 2 for all integers 
k 2: 2. 

H 34. (For students who have studied calculus) Find 

lim	 (F,,+ I ), assuming that the limit exists. 
n---+oo F" 
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H *35. (For students who have studied calculus) Prove that 

. (Fn+ l ) •11m -- eXists. 
Il----?OO F'l 

36. (For	 students who have studied calculus) Define 
xo, XI, X2, .•• as follows: 

Xk = j2+Xk_1 for all integers k :::: 1 

Xo =0 

Find limll--?oo X n . (Assume that the limit exists.) 

37. Compound Interest: Suppose a certain amount of money 
is deposited in an account paying 4% annual interest 
compounded quarterly. For each positive integer n, let 
Rn = the amount on deposit at the end of the nth quarter, 
assuming no additional deposits or withdrawals, and let Ro 
be the initial amount deposited. 
a.	 Find a recurrence relation for Ro, RI, R2 , ..•. 

b.	 If Ro = $5000, find the amount of money on deposit at 
the end of one year. 

c.	 Find the APR for the account. 

38.	 Compound Interest: Suppose a certain amount of money 
is deposited in an account paying 3% annual interest com-' 
pounded monthly. For each positive integer n, let Sn = the 
amount on deposit at the end of the nth month, and let So 
be the initial amount deposited. 
a.	 Find a recurrence relation for So, SI, S2, ... , assum

ing no additional deposits or withdrawals during the 
year. 

b.	 If So = $10,000, find the amount of money on deposit 
at the end of one year. 

c.	 Find the APR for the account. 

39. With each step you take when climbing a staircase, you can 
move up either one stair or two stairs. As a result, you can 
climb the entire staircase taking one stair at a time, taking 
two at a time, or taking a combination of one- and two-stair 
increments. For each integer n :::: 1, if the staircase consists 
of n stairs, let Cn be the number of different ways to climb 
the staircase. Find a recurrence relation for C I, C2, C3, .... 

40.	 A set of blocks contains blocks of heights I, 2, and 4 cen
timeters. Imagine constructing towers by piling blocks of 
different heights directly on top of one another. (A tower of 
height 6 em could be obtained using six I-em blocks, three 
2-cm blocks one 2-cm block with one 4-cm block on top, 
one 4-cm block with one 2-cm block on top, and so forth.) 
Let t be the number of ways to construct a tower of height 
n em using blocks from the set. (Assume an unlimited sup
ply of blocks of each size.) Find a recurrence relation for 
tl, t2, t3, .... 

41.	 Use the recursive definition of summation, together with 
mathematical induction, to prove the generalized distribu
tive law that for all positive integers n, if ai, a2, ... , an and 
C are real numbers, then 

42. Use the recursive definition of product, together with math
ematical induction, to prove that for all positive integers n, 
if a I, a2, ... , an and b l , b2, ... , bll are real numbers, then 

n(ajb;) = (n ai) (n bi) . 
1=1 t=1 1=1 

43.	 Use the recursive definition of product, together with math
ematical induction, to prove that for all positive integers n, 
if ai, a2, ... , all and C are real numbers, then 

H 44.	 The triangle inequality for absolute value states that for all 
real numbers a and b, la + bl ::: lal + Ibl. Use the recur
sive gefinition of summation, the triangle inequality, the 
definition of absolute value, and mathematical induction to 
prove that for all positive integers n, if ai, a2, ... ,an are 
real numbers, then 


